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Abstract 

String theory contains sources like orientifold planes that support higher derivative 
interactions. These interactions make possible static flux compactifications which are 
forbidden in supergravity. They can also lead to violations of the strong energy 
condition (SEC) which is needed for an accelerating universe. We examine how large 
a violation is possible in the context of the heterotic string compactified to four 
dimensions. We find that de Sitter solutions are still not possible but that classically 
forbidden anti-de Sitter solutions are possible. 
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1 Introduction 

Understanding accelerating universes remains one of the primary outstanding challenges for 
string theory. Acceleration requires a violation of the strong energy condition. However, 
the supergravity theories describing low-energy string theory in ten dimensions or M-theory 
in eleven dimensions satisfy the strong energy condition. This property is inherited on 
compactification ruling out accelerating solutions in supergravity pQ. 

However, string theory is not supergravity. There are ingredients like orientifold planes 
in type II string theory which support higher derivative interactions that can lead to viola- 
tions of the strong energy condition (SEC). These ingredients are present in every corner of 
the string landscape: in M-theory, they come from eight derivative modifications to eleven- 
dimensional supergravity. In the heterotic and type I strings, they come about from a class 
of four derivative interactions which are leading order in the a' expansion. 

It is precisely these interactions which lead to background charges on compact spaces, 
permitting stringy flux compactifications that evade the constraints of supergravity. It is 
important to note that the stringy interactions are crucial even for large volume compactifi- 
cations, like those found in type IIB string theory, which are well described by supergravity. 
The background charges generated by the stringy interactions permit the solution of the 
supergravity equations of motion which involve Gauss Law type constraints. 

The first example of this kind appeared in the heterotic string [2|. The Bianchi identity 
for the heterotic string. 



contains a gravitational a' correction that induces background NS5-brane charge. The 
presence of this coupling makes possible supersymmetric compactifications with H-fiux 
(torsional compactifications) to four- dimensional Minkowski space-time. There is a similar 
story for flux compactifications of M-theory to three dimensions [3] , and type IIB compact- 
ifications to four dimensions 

The goal of this project is to analyze the effects of these intrinsically stringy ingredi- 
ents with the aim of seeing whether these ingredients are sufficient to permit accelerating 
universes in string theory. The no-go theorem of p], reviewed in [5l|6], assumes no time- 
dependent scalar fields. In this work, we will also assume that there are no time-dependent 
scalar fields. Considering time-dependent scalar fields introduces many interesting model- 
dependent issues that will be discussed in a companion paper. 

In this work, we will arrive at a fairly model independent set of results. We will analyze 
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heterotic string compactifications using the string effective action simply because this is the 
most tractable setting: the essential couplings for violating the supergravity no-go theorems 
already appear at tree-level in the ten-dimensional string effective action and are known. By 
contrast, considering type II compactifications would require introducing orientifold planes 
and adding their supported couplings to the bulk supergravity action. The complete set of 
supported orientifold or higher derivative couplings, unfortunately, is not yet known in type 
II string theory and M-theory. Fortunately, we expect to see the same quahtative physics 
found here for the heterotic string from other possible compactifications. That is certainly 
the case with Minkowski flux compactifications: the same qualitative phenomena are found 
in every flavor of compactification. 

For compactifications to Minkowski space-time, we find that the string frame metric is 
always unwarped, regardless of whether the compactification preserves supersymmetry. All 
the warping can be viewed as coming from the way the dilaton varies over the compactifica- 
tion space. We also find that de Sitter space solutions are robustly excluded, even when the 
higher derivative interactions are included. However, AdS4 solutions are permitted because 
of the leading a' interactions. These solutions are not possible in heterotic supergravity. 
These AdS backgrounds are not supersymmetric, which is why they were not seen in the 
analysis of [2]. It would be very interesting to find a world-sheet formulation for these 
compactifications. In terms of past literature, there have been interesting investigations of 
the kind of energy condition violation needed to obtain inflation from higher-dimensional 
theories in [71|S] . Inflation has also been explored from the world-sheet perspective in [9j . 

In terms of future work, we will explore similar constraints on dynamical scalars in a 
companion project. We should stress that the only quantum effects missed in this analysis 
are string non-perturbative effects. There are no string loop corrections to this order in the 
momentum expansion. Non-perturbative ingredients like heterotic five-branes are unlikely 
to directly alter our analysis since these branes can be viewed as the zero size limit of Yang- 
Mills instantons. The stress-energy contribution from instantons is fully included here. On 
the other hand, non-perturbative gauge dynamics (including gauge groups supported on 
branes) has at least the potential to significantly modify our conclusions. Another inter- 
esting extension would be the consideration of compactification manifolds with boundary, 
though little is known about the nature of boundaries in the heterotic string. 

It would also be interesting to explore what differences emerge from a similar analysis 
of type II and M-theory compactifications, assuming one can gain sufficient control over 
the higher derivative interactions. It would also be fascinating to derive analogous results 
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directly from the string world-sheet without recourse to a derivative expansion of the string 
effective action. Past work on acceleration from gravity theories, some with higher order 
corrections, includes [TOHTS] . 

2 The Heterotic Effective Action 

2.1 Metric conventions 

The complete set of conventions used here is described in Appendix |Xl along with details of 
the curvature calculations. Consider compactifying 10- dimensional space-time on a warped 
product space Xd M.. Choose a general warped metric, 

= W{yf {g^^dx^dx" + gmndy'^dy^) . (2.1) 

We use a tilde to denote the Einstein frame metric, and a hat to denote the unwarped, 
product frame metric. The string frame metric will remain undecorated. The relation 
between string, Einstein, and product frames is given by 

QMN = e^'^-QMN = e'^/^WgMN, (2.2) 

where is the string dilaton. The warp factor and the dilaton naturally combine into a 
single conformal factor 

u = \ogW + ^(j), (2.3) 

which we can use to go between string and product frames. Typically in supersymmetric 
heterotic compactifications, the warp factor is determined only by the dilaton so the string- 
frame metric is unwarped. A priori, it is not clear that this is true for backgrounds that 
preserve no supersymmetry. 

Take Xd to be a Lorentzian space-time of FLRW form with metric 

dsx = -dt^ + a?{t)hijdx'dxK (2.4) 

We can specialize to cases with more isometries as needed. Assume the internal manifold 
Ai is compact without boundary. Generically, M. will have no isometries. 

2.2 The ten-dimensional string effective action 

Let us start with the effective action. There is one length scale in the problem, which 
is the string length with a' = i^. The field content consists of the metric g, dilaton 
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0, NS 2-form potential B with three-form field strength H defined below, and Yang-Mills 
gauge-fields A. The bosonic couplings in the heterotic space-time effective action are given 
by 



5 = J_ / d'^^e-^'t' 



2k 



R + A{d(t)f - -\H\ 



a' 



^ (tr|F|2-tr|i?+p) +0( 



a 



(2.5) 



where 



tr = ii?M7VAB(l^+)i?*'™(l^+) (2.6) 
and F is the Yang-Mills field strength. This action is expressed in string frame, but it will 
be more convenient for checking energy conditions to conformally transform to Einstein 
frame in which the Einstein-Hilbert term is canonical. 

The Einstein-Hilbert term is constructed using the standard metric connection. The 
Riemann tensor appearing in the 0{a') correction is constructed using the connection i7+ 
where 



^f^M = ^^""a/ ± -H^\i + O(a'), (2.7) 



1 
2 

and VL is the spin connection. The definition of H already includes 0{a') corrections, 

i7 = ci5 + ^[CS(r]+)-CS(A)], (2.8) 

where A is gauge field and CS denotes the Chern-Simons invariant. 

This is a key point. The standard Bianchi identity for B should have read dH = but 
because of the a' corrections, there are both gravitational sources and gauge-field sources 
of charge: 

a' 

dH= — [tr {R{n+) A R{n+)) - tr (F A F)] . (2.9) 

It is these sources of NS5-brane charge that are concomitant with the the possible violation 
of the strong energy condition. These sources, together with the tr l-R+P couplings in the 
action (12. 5p . play the role of orientifolds in the heterotic string. 

There are two natural expansions of the string effective action: the first is an expansion 
in space-time derivatives, and the second is an expansion in a'. We are retaining all terms 
up to 0{a') in ( 12. Sp . However, with respect to the derivative expansion, we are retaining all 
2 derivative couplings and a special set of the 4 derivative couplings. Because the heterotic 
gauge-field kinetic terms are normalized with an a', we are missing couplings like F'^ which 
are 4 derivatives but order (a')^. Those terms are certainly interesting for models like 
gauge- field infiation [16], but we will omit them in this study. Our expansion parameter 
will be a'. 
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2.3 Equations of motion 

The supersymmetrization of the 0{a') interactions, including the and the Lorentz Chern- 
Simons couplings, has been worked out with various choices of fields in [T7H2U] . Ignoring 
fermions, the equations of motion arising from this action are 

i?-4(V0)' + 4VV- ^1^1'- J (tr|F|2-tr|i?+|2) = 0{a'^), 
Rmn + 2VMVAr0 — -HmabHm^^ t 



i2\ 



ii FmpFn'' (2.10) 

—Rmpab{^+)Rn^^^ {^+) 

d{e-^'*'i.H) = 0{a 
e^'^d{e-'^^^F) + AAi<F -i<F AA + F Ai<H = 0(a'^). 

The dilaton equation of motion has been used to simplify the Einstein equation appearing 
above. 

To find these equations, it is easiest to compute the variation of the action with respect 
to the fields (p, Qmn, Bmn, Am appearing explicitly, and then the variation with respect the 
the connection which implicitly also depends on these variables. According to a lemma 
of [TS], the variation of the a' correction to the action with respect to is proportional 
to the leading order equations of motion, and therefore does not modify the equations of 
motion to this order. 

These results are unique at this order modulo field redefinitions. As long as the action 
agrees with results from string scattering computations (as checked most recently in [IT]), it 
is determined by supersymmetry. This is known to be true also including terms of 0(a'^). 
There are no bosonic couplings at order {a'Y though there are fermionic couplings and 
possibly modifications to the definition of connections like (12.71) . 

2.4 Einstein frame physics 

Define the Einstein frame metric Qmn by conformally transforming the string frame metric, 

gMN = e~^/^gMN. (2.11) 

The inverse Einstein frame metric is then = e'^^'^g^'^ . The action becomes 

S = i^J d^'x^g \r - b'^^duct^d^ct^ - Je-^|ifp 

, (2.12) 
_^e-<^/2 (tr|F|2-tr|i?+|2)+0(a'2)" 
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In expressions involving the Einstein frame metric, indices will always be raised and lowered 
with the Einstein frame metric. In particular, the norms | ■ | above are taken with respect 
to the Einstein frame metric, and this accounts for the additional powers of the conformal 
factor. 

The Einstein frame equations of motion are 



V^Vm0 + \e-W + ^e--^/' (tr 1^1' - tr \R+\') 

Rmn - -qmnR - -;^M(t>^N(t> + -^gMN^^(t>^ p(i> 



= 0{a"), (2.13) 



tr FmpFpj 



"'" -0u zj PQ I ^ -cl>~ I rj|2 -<j>/2 

-e '^HmpqHj^ +4^ gMN\H\ - 
--^QMNtic \F\'^ — Rmpab{^+)Rn^^^ {^+) + -^QMN^r \R+\'^ 



= 0{a"), (2.14) 
d{e~'l'iH) = 0{a'^), (2.15) 
e'''/^d{e-'''/^iF)+AAiF-iFAA + FAiH = 0{a'^). (2.16) 



The Einstein equation can be re-written in Ricci form: 

Rmn - ^ Vm0Vjv0 + ^e-^HMPqHj, ^« - ^e" Vivl^l' + je""^/^ 



tr FmpFj^ ^ 



-\~gMNtAF? - Rmpab{SI+)Rn''^''{^+) + \~9MNtAR+?\ +0(a'2). (2.17) 

o o 

Working in an orthonormal basis, it is easy to see that the contributions from 0, i?, and 
F to are non-negative. For instance, the time-time contribution of F is 



a 



a 



= -e-^/^tr 
4 

> 0, 



F^iF^' + - (2Fo,F°^ + FijF'') 



7 ^ \ 

— FnrFn ~\~ FtjF 

8 ° 16 



(2.18) 



since all terms are positive definite. Thus, if we were not including terms in the action, 
the stress energy tensor would obey the SEC: 



Roo > 0. 



(2.19) 



However, including the R+ terms does not automatically imply a violation of the SEC. A 
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(2.20) 



similar analysis shows that the i?+ terms contribute to i?oo in the following way, 

^'-4>I2 [op P To"' I P P 

^-K+o/OJ-K+o + -tt+o/Jii'-K+o 

I 1 //I p p 0/oj I 9 p p I o p p /JOic IP p /j_fs:L\ 

lo 

Wyp p /JX I Ip p ijkl\ 

which can be of either sign depending on which terms dominate. To get a feel for when this 
contribution can become negative, we will need to look more closely at these curvatures. 

2.5 Evaluating curvatures 

The next step is therefore to evaluate the curvatures, to determine whether acceler- 
ation is possible. For useful references, see [2T1|22]. The usual Christoffel connections are 
determined by 

r/i^ = 1^9^^ {gNK,i + gNi,K - qik^n) ■ (2.21) 

The inclusion of torsion involves the modification 

r/^ ^ r/^ - \hik'- (2.22) 

We need to compute the Riemann tensor with this connection. The background metric is 
given in f l2.ip . What other background fields, compatible with an FLRW universe, might 
be excited? In principle, there could be time- dependence in the dilaton, 0, along with 
a time- dependent space-time H proportional to the spatial volume form for the FLRW 
space-time: 

H = h{y, t)eijkdx'dxUx^. (2.23) 

Whether h can depend on y will depend on the form of contributions to the Bianchi iden- 
tity (12. 9p . These are the universal scalar modes of any heterotic compactification. There 
can be additional model specific scalar modes that could also be time-dependent. We 
will typically simplify equations by setting = 0, taking cj) to be time- independent, and 
assuming no additional time-dependent scalars. 

Note that the i?+ terms appearing on the right hand side of (I2.17P should be computed 
with the string frame metric, so the metric (12. ip should be multiplied by e"^/^ as in (12.20 . 



7 



Under our assumptions about the scalar fields, the non-vanishing components of R+ are 
just 
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- mnp 



R. 



mnp 



+e 



-2u} 



(2.24) 
(2.25) 

(2.26) 



+e 



-2w / rg 



where indices are raised and lowered using the product frame metric defined in section 12. ![ 
and 

Xmn{uj) = Vm^Vn^ " ^ nN " 9mnW p^? ■ (2.27) 

The expression fl2.26p is rather unwieldy, but fortunately we will never require its explicit 
form. We have included it here only for completeness. 

While these curvature components have been computed from the string frame metric, 
in f l2.17p they are contracted using the Einstein frame metric. Namely, 



MN ~ R+MPAbR+N — W R+ MPR^ R+ NST 9 9 9QU- 



So we find 



111/ 



w- 



+2^„^ 3 iV^w 



1 



^\-^mn\ 2 l-^mn VpOu| 



(Rl) 



w- 



R4 



mpq 



r T3 



pq 



(2.28) 

(2.29) 
(2.30) 



+ 8 ( XmpXJ + e-^'^VpV^mOjHnfVgU + ^e-"'Hmp''H^'"VaUjVrUJ 



1 

T 



and the mixed terms {R\)^m vanish. Note that 

\Xmn? = \ (|V„c^|')Vv'"V„c^|V„c^P + ^V™V„c^V'"V"c^- V^^^ (2.31) 
The trace of the curvature squared is given by 



tr 



-W-''g''^\Ri)MN 



w- 



\f) DM^^PO" Onl^'^f? \Y7 / A'^ -L — P mnpg 

c^^l^vpa^^ ^9 ^iiv\^m}^\ ~r ^ -'1'+ mnpq-'''+ 



^^iv I V 
1 2 I „-4aj| 



(2.32) 



+4 ( 3 ( WmOoV ) + ^\XmnV + C"*" | if„/VpU; | 



Using the curvature components of a spatially flat FLRW metric we can now compute 
the total contribution of i?+ to the right hand side of the time-time component of the 
Einstein equation fl2.17p : 



a' 



a 

4^ 



-2uj 



(-R+)oo — o^'ootr |_R_| 

o 

2 



- 7 - 



; 7 - 



9/„ \2 2 ^ Au) " 2 ^ 



mnp 



(2.33) 



Extending this result to non-spatially fiat FLRW metrics is straightforward, simply replace 
a? everywhere with a? + k. 



3 Studying the Stringy Equations of Motion 

As noted earlier, with the addition of 0{a') corrections, the time-time component of the 
Einstein equation in Ricci form (I2.17P is not positive definite. Therefore the SEC can be 
violated, and we can potentially avoid the supergravity no-go theorem. On the other hand, 
we must satisfy the dilaton equation f l2.13p . This effectively puts a bound on the amount 
of SEC violation that can occur, and we can make use of this bound by substituting f l2.13p 
into fl2Trp . 

Rmn = -^gMNV^^p(p + -^M(p^N(p+ ^c-'^HmpqHn^^ 

+ ^e~^/^ [tr FmpF^v^ - mpabR^ n''^''] • (3.1) 

This can be conveniently written using the product frame metric (12. 2 p (with no assumptions 
on the dilaton or h) as, 

Rmn - 9MN (v^V^u; + iy-V'"(iy V^u;)) + SWVm^nW-' 
= \Vm<PVn<P + -^c-^'^HmpqHn'''^ + [ii FmpFn"" - , (3.2) 

where we have moved the to the left hand side and combined it with the warp factor. 
In the expression above, and those that follow, indices are raised and lowered with Qmn- 
When both M, N lie in space-time we find: 

(v^VAa; + Vr-'V"(iyV™u;)) = ^<PV A + ]^e-^^h\g^, + n^n,) 

-J^-'^^l^y..- (3-3) 
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The vector is the unit normal to the homogeneous space-hke hypersurface, defined 
in (]A.2ip . The case with one index internal and one in space-time is rather interesting: 



O = V^0V^0-|^e-2-(i?y^^. (3.4) 

Although this is trivially satisfied when is static, it should impose interesting constraints 
on the allowed dilaton time dependence. Finally, the case with both indices internal is not 
terribly interesting since no terms drop out. It provides a constraint on the the compacti- 
fication manifold and internal fiuxes. For completeness, we write it anyway: 

1 fy' 
+ -e-^-H^p,Kr + -e~2- [tr - (i?^)^J . (3.5) 

Under the assumption of static and /i = 0, we take u = uj{y). Equation (13. 3 p then reduces 
to 

^M-W^~'^™"V™ (w^VnO;) = R^, + ^e-'" [i?^pA"i?/\ - AR^,\V^uj\^ (3.6) 
3.1 Minkowski Space-time 

For Minkowski space-time, (13. 6p reduces to the simple constraint 



(3.7) 



Integrating this over the internal space, we see that the left hand side vanishes. Composed 
of a sum of squares, the right hand side must then vanish identically. This implies that 
u is constant. We conclude that for any background with a Minkowski space-time the 
string frame metric must be unwarped. Any warping that appears in Einstein frame can be 
identified with the dilaton. Supersymmetric torsional compactifications are special solutions 
of this type. 

3.2 (A)dS Space-time 

One can extend this analysis to maximally symmetric space-times with cosmological con- 
stant to find that A > is not allowed, but A < is possible. To see this, substitute 

2A „ 

RfiuXp = 9\\p.9u]p (3.8) 
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into equation (13. 6p yielding 



'-mn 



(3.9) 

Note that the terms involving the space-time Riemann tensor and iVmi^P combined into a 
perfect square! 

As with the previously considered Minkowski case, we can integrate over the internal 
space, which causes the left hand side to vanish. We are left with 



'^^ J M 



+ 0{a"), (3.10) 



where V = J d^yy/geW^. The positive-definiteness of the integrand tells us that A < 0, so 
that a dS space-time is ruled out. 

On the other hand, a small negative cosmological constant (AdS) is allowed, as an 0{a') 
effect. Here, A < acts as a sink for 0. These weakly curved heterotic AdS solutions are 
classically forbidden and only result of the tr l-R+P correction. One should note, 

however, that even though these no-go arguments fail for AdS, it does not mean that such 
a solution necessarily exists since one must solve the complete set of equations of motion. 
This, however, should be possible to do starting with a non-supersymmetric type JIB flux 
compactification on K3 x and dualizing to heterotic following [1] . Indeed this dualization 
has been performed in [22] at the level of supergravity; it would be very interesting to see 
if the resulting solution (including a' corrections) is actually AdS4. 

3.3 General FLRW Space-time 

It is also of interest to investigate more general FLRW space-times, with potential applica- 
tions to inflation. A complete investigation of this case requires dynamical scalars resulting 
in a considerably more complicated (and model-dependent) analysis. That case will be 
explored elsewhere. 

Since our space-time is no longer maximally symmetric, but has FLRW symmetry, we 
must consider separately the time-time and space-space components of (13.61) . The time-time 
component is 

2 

- NmCol'" 1 +2|X„ 



'-mn 



(3.11) 
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while the space-space components give 



a J \ 2 



+2 ( ^^-t^ - \V^ujA + 2|X^„|2 + ie-^1i/^/V^a;| 



- iV^cjp ) (3.12) 



Let us integrate both of these equations over the internal space-time. As before, the left 
hand sides both vanish, and we are left with the equivalent of the Friedmann equations 
within this setup. 

To 0(q;'), the source for these Friedmann equations is simply an effective cosmological 
constant. 



+ 0{a 



I2\ 



IM 

< 0. (3.13) 

This gives nothing new beyond what we have seen before. Indeed, in the case where w = 0, 
and hence Acg = 0, we can solve to obtain a = —k = 1. This is the Milne universe, which 
is (part of) Minkowski space-time, which we already found. 

In the case where Agfj < 0, we can solve the effective Friedmann equations to obtain 



a{t) - sm\\l-^t\ , (3.14) 

k ^ ^. (3.15) 

While this looks slightly more non-trivial, this solution actually represents a patch of AdS, 
which, again, was examined in the previous section. To see this, we note that for FLRW 
metrics, the Weyl tensor vanishes, so the Riemann tensor can be written entirely in terms 
of the Ricci tensor. This, in turn, can be written in terms of the Ricci scalar. Putting these 
observations together, 

R^vXp — {gtj\\Rp]v — gv{\Rp\ij^ — -^Rgmui\9p]u, 

2Acf[ 

= —^9mu[\9p]u, (3.16) 

so the space-time is maximally symmetric, and hence (part of) AdS. In summary, by con- 
sidering more general FLRW space-times, we do not find any additional solutions. 
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A Conventions 

Here we summarize our conventions, and list several useful formulae. We will provide 
more general formulae than are needed in this analysis by allowing time-dependence for the 
dilaton and for h defined in fl2.23p . The following table summarizes the different indices we 
use throughout the paper. 



Letters 


Use for: 


A,B,... 


10-dimensional local Lorentz 


M,N,... 


10-dimensional space-time 


I, J,... 


9-dimensional space 


/i, I/, . . . 


4-dimensional space-time 


i, j, k, i 


3-dimensional space 


m,n, . . . 


6-dimensional internal space 



The norm of a rank p tensor is defined by 

IT^ |2 _ -'- ^MlNl ^MpNprp rp ( h ^'\ 

\J-{p)\ ~ ~\9 ■■■9 '^'LMi...Mp-1-Ni...Np- lA.ij 

When (anti-) symmetrizing indices on tensors, we normalize them with an overall l/{p\), so 
for example 

T[M^...Mp] = -J X^(-l)''''^M,(i)...M,(p) (A.2) 

(T 

where |cr| denotes the order of the permutation {1, 2, . . . ,p} — )■ {cr(l), cr(2), . . . , cr{p)}. In 
particular, T[mn] = \{Tmn -Tnm)- 

A.l Computing Curvatures 

The Riemann tensor is defined by 
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Under a conformal transformation of the metric, 



Qmn — e Qmn, 



(A.4) 



the Christoffel connection shifts to 



^ MN — ^ MN ^ ^MN 



(A.5) 



where 

Cmn = '^^{M^N)^ - 9mn^^^, (A.6) 

and hatted quantities are built using the metric g, which is also used to raise and lower 
indices. In terms of the g, the curvature of the conformally transformed metric is 



Rmnp^ — Rmnp^ — 2V[ji^C^]p + 2Cp[ji^C^j^, 



(A.7) 



Then by contraction we get the conformally transformed Ricci tensor and scalar: 



R 



MN — R-MN — Qmn'^'^^ + (-^ ~ 2) ^Vm^V^v^^ — '^m'^N^ — QMN 

2 



V pUJ 



R ^ e 



-2oj 



R-2(D- l)V'uj -(D- 2){D - 1) 



, (A.8) 
(A.9) 



Another useful relation is the behaviour of the scalar wave operator under a conformal 
transformation : 



-2w 



(V' + {D- 2)\/^uj\/m) . 



(A.IO) 



A. 2 Curvature with Torsion 

Torsion shows up in our discussion via the modified spin connection, 

A A \ ^ TjA 

^±BM — ^ BM ± BM- 

This leads to the torsionful affine connection: 

r±MAr — ^A (^MC^ + effOJ^BM) — ^MN T -^H^MN- 



(A.ll) 



(A.12) 
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The fact that H is totally anti-symmetric implies that these connections are still compatible 
with the metric. The curvatures, R±, of these connections are given by the same expres- 
sion f|y4.3p as before, except now we replace the standard Christoffel connection with the 
torsionful one from above. In particular, this leads to 

R+MNP^ = Rmnp'^ + ^[mHn]p'^ + 2^PR[M^N]^'^ ■ (A. 13) 

It is useful to note that under a conformal transformation, the second term in the line above 
gets modified as follows 

V[Mi^iVlP^ = V[M{9'^''H^]PR)+C'^^MHN]p''-C^[MHr,]R'^, (A.14) 

+ {^^^M^N]P^ ^ QpImHn]'^^^ VrU , 

while the term picks up a factor of e^^"^. 

Many useful facts and formulae about torsionful connections have been worked out by 
S. Jensen, and can be found in [23]. We will summarize those that are pertinent to our 
work. The symmetry properties of i?+ are slightly different from the standard case. With 
all indices lowered, we still have anti-symmetry in the first and last pairs: 

R+MNPQ = R+IMN]IPQ]- (A. 15) 

However, under interchange of the first pair with the last pair, we now have 

R+MNPQ = R-PQMN — '^d[MHNPQ], (A. 16) 

where R- is the curvature of r_. In a heterotic string background, dH ~ 0{a') and so 
we can set it to zero in computing i?^, since those curvature terms appear in the action 
already at 0{a'). 

A.3 FLRW Space-times 

The metric of an FLRW space-time takes the form, 

ds^ = -dt^ + a^{t)hij{x)dx'dx\ (A.17) 
where the spatial part of the metric can be written 

K = k + k^^,. (A.18) 
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The non-vanishing components of the (torsion-free) connection are 

Po, = 5], r°. = ad/i,,-, rj,. = l/.'^^ (2a(,/i,), - d^h^j) , (a.iq) 

and the only non-trivial components of the Riemann curvature are 

RiOj" = ad hij, Rijk^ = 2{k+ (a)2) ^/i.jfe. (A.20) 

The only way to turn on torsion in such a space-time, while preserving homogeneity 
and isotropy, is if H takes the form 

H = ^h{t)n''e^f,^xdx^'dx''dx^ (A.21) 

where n'^ — Sq is the unit vector normal to the homogeneous space-like hypersurface. h 
cannot be an arbitrary function of t, since it must satisfy the Bianchi identity: 

h + 3(^^y = ^{...). (A.22) 
It will be useful later to note that, 

VX = r;:o - (^) + n'^n,) , (A.23) 
and the 3- volume form €ijk is the one associated with gij, not hij, so 

dteijk = 3 (^^^ eijk. (A.24) 

A.4 FLRW XwM 

When we consider a warped product space-time of the form FLRW times some compact 
internal manifold M., then the most general ansatz we can allow in string frame is 

ds' = e'^^''yHg,4x)dx''dx'' + gmn(y)dy"'dy^), (A.25) 
H = j^{h{t,y)e„^,xn''dx^'dx^dx^ + Hmnp{y)dy'^dy^dy^). (A.26) 

The conformal factor a; is a combination of a warp factor W and the dilaton 

u{t,y)^\ogW{y) + \(t>{t,y), (A.27) 
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and the metric g^u is the usual FLRW metric flA.lTp . The components of curvature associ- 
ated to the torsionful connection are then 



R4 



R 



1-+ mnp 
1-+ mnp 



(A.28) 



+e 



-2uj 



-V[^ (/in") e^jA^a + /in" 2V[^we^]A^ + e^^A<xV 



-4(^7,2 



/l^ 



-2^a[mV.]V'"w + 2^A[;.V,]u;V'"w + e-2"/ie^,A<xn"V 



0, 



^mnp"^ + 2(5^^V„] VpW - 25(p[^V„]V^a; 



+e 



rq 



(A.29) 
(A.30) 
(A.31) 



(A.32) 
(A.33) 
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After separating out the time and space indices, we can be a little more explicit. Up to 
symmetries, including ([AH]), the non-trivial components are 



R 



+ OiO'' 

p 
-'•'+ ijk 

p t 

^+ ijk 

D m 

Oij 

p m 
-'1'+ ijk 



-6' 



a \a 



ijk 



00 + 



2a''5ih 



■j]k 



k la 
^+ - 



\a 



a I 4 



ijk 



(A.34) 
(A.35) 

,(A.36) 

(A.37) 
(A.38) 



OmO 



p n 
-'1'+ imj 



(A.39) 
(A.40) 



i?4 



mnp 



2^p[mV„]a; — ( 2gp[mVn]0O — e "^"^Hmnp ] OJ 



(A.41) 



R 



+ mnp 



Rmnp'^ + 25|'^V„]VpW - 2^p[„V„]V'^u; 



-2tj 



(A.42) 
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In the Einstein equations, the combination (RX) mn ~ ^ "^R+mpq^R+nst^ Q^^g^^QRU 
appears. The non- vanishing components are 



(4) 



00 



I 16 



+ Qe-'^h' I w + - ) + 6a;"e-*'" \H, 
a 



mnp\ 



(A.43) 



—6 — h a) + cj 



-|V^a;n +2 



gmn<^ ( O; + - ) + X„ 



+2 



-4w 



+ 2(1; ( - ) + a;' - | V^a;|' - -e-^K" ) + e'^'^/i'l V^a;|' (A.44) 



mnpq 



jjnpq 



SI [6- + Uiu + 12a; - + 6a;2 - ll|V„a;r - V^'V^o; 



+5X^" - -e-^^Hm^'^VpUJ + 2i?. 



+ mp 



np 



(A.45) 



a; 



VpU! — uVpU) 



3d;^e-^'^//^p,///n. (A.46) 



In addition, we will require the fully traced curvature-squared: 



+6 


























2 




+4 


9mn^ ~l~ -^mn 


+ 6 





Hran'^p'^ 



-14 



(A.47) 
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